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Abstract
The problem of distributed parameter estimation from binary quantized observations
is studied when the unquantized observations are corrupted by combined multiplicative
and additive Gaussian noise. These results are applicable to sensor networks where the
sensors observe a parameter in combined additive and nonadditive noise and to a case
where dispersed receivers are employed with analog communication over fading channels
where the receivers employ binary quantization before noise-free digital communications
to a fusion center. We first discuss the case in which all the quantizers use an identical
threshold. The parameter identifiability condition is given, and, surprisingly, it is shown
that unless the common threshold is chosen properly and the parameter lies in an open
interval, the parameter will not generally be identifiable, in contrast to the additive
noise case. The best achievable mean square error (MSE) performance is characterized
by deriving the corresponding Cramér-Rao Lower Bound (CRLB). A closed-form expression describing the corresponding maximum likelihood (ML) estimator is presented.
The stability of the performance of the ML estimators is improved when a nonidentical
threshold strategy is utilized to estimate the unknown parameter. The thresholds are
designed by maximizing the minimum asymptotic relative eﬃciency (ARE) between
quantized and unquantized ML estimators. Although the ML estimation problem is
nonconvex, it is shown that one can relax the optimization to make it convex. The
solution to the relaxed problem is used as an initial solution in a gradient algorithm to
solve the original problem. Next, the case where both the variances of the additive noise
and multiplicative noise are unknown is studied. The corresponding CRLB is obtained,
and the ML estimation problem is transformed to a convex optimization, which can
be solved eﬃciently. Finally, numerical simulations are performed to substantiate the
theoretical analysis.
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Introduction

The problem of estimating a deterministic parameter from quantized observations is encountered in several applications including target tracking [1], target localization [2], environmental monitoring [3], and radar applications [4] using wireless sensor networks (WSNs).
WSNs consist of a large number of spatially distributed nodes which are characterized by
several constraints such as power, communication bandwidth and computational capability.
In distributed parameter estimation, each node is able to obtain local measurements which
are either transmitted to the fusion center (WSNs with a fusion center) or shared among
nodes (ad hoc WSNs). In the case of classical multisensor fusion, the data collected by
sensors is communicated to the fusion center without any pre-processing. As proposed in
much recent work [7, 8], each node will quantize the measurement coarsely to reduce complexity with little performance loss. For bandwidth-constrained parameter estimation in
additive white Gaussian noise, it is well-known that the variance of the estimator based on
binary measurements can have a variance as small as π/2 times that of the sample mean
estimator based on unquantized measurements [5]. This motivates researchers to propose
various strategies to approach the lower bounds [5] [7, 8]. While the majority of investigations considered the well-studied parameter-in-additive-noise estimation problem, other
estimation problems, including state estimation, have also received attention with quantized
measurements [6].

1.1

Related Work

Signal parameter estimation from quantized data has attracted a lot of attention in past
years. Most of these works consider the case in which multiplicative noise is absent. In [5],
various strategies are proposed to estimate the unknown deterministic parameter, including using noise dithering, a periodic known threshold or a feedback signal added prior to
quantization. Various numerical algorithms have been introduced to estimate the unknown
parameter, including the Expectation Maximization (EM) algorithm. When a nonidentical threshold strategy is utilized to estimate the unknown parameter, it is demonstrated
that the threshold spacing should be comparable to the standard deviation of the additive noise [7]. In addition, when the noise variance or even the noise probability density
function (PDF) is unknown, some strategies are proposed, including nonparametric methods [8]. When the noise is bounded, an isotropic universal decentralized estimation scheme
is proposed for a bandwidth constrained ad hoc sensor network, where each sensor node
uses the same algorithm independent of noise distributions [9–11]. In [12], signal parameter
estimation from 1-bit dithered samples is studied for a general case, and the theoretical
properties of the estimators are established. The optimal distribution of additive noise for
parameter estimation based on quantized samples is characterized by formulating the estimation problem as a Cramèr Rao lower bound (CRLB) minimization problem [13], which
shows that the optimal additive noise is of constant level.
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Another related problem is to estimate the unknown parameter in the presence of multiplicative noise. In a linear regression model, the sensing matrix may be subject to errors.
One can model the sensing matrix as a random matrix [14,15], where the mean and variance
of each element of the matrix are known. The random components of the sensing matrix
are a source of multiplicative noise, and a ML estimator is utilized to estimate the unknown
parameters. In [16], two approximate ML estimators were proposed to estimate the direction of arrival (DOA) in the presence of multiplicative noise. In [17], a vector parameter
is estimated from 1-bit measurements with multiplicative noise. One should note that the
threshold of the quantizer used in their model is always zero. However, as we will show later,
the threshold provides an additional degree of freedom that may improve the performance
of the ML estimator significantly. Diﬀerent from [17], this paper focuses on improving the
performance of scalar parameter estimation with optimization of the identical or nonidentical threshold strategies. Significant improvements are demonstrated in this paper and a
robust optimization approach is given and extended for the case where the variances of the
multiplicative and additive noise are unknown.

1.2

Contributions

This paper focuses on the problem of deterministic parameter estimation from binary quantized observations of the parameter in combined additive and multiplicative Gaussian noise.
The model we employ can model multiplicative noise in a number of practical situations,
see [18,19] and the references therein. Thus, one can view our results as extending previous
results involving quantization of a parameter in additive noise to cases with multiplicative and additive noise. It is very interesting that this relatively minor change leads to
cases with an unidentifiable parameter unless the quantizer is designed properly and the
parameter is known to lie in an open interval, which does not occur in the additive noise
case. Since similar things may also occur in other estimation problems, these results are
especially informative and expand the accumulated knowledge concerning signal processing
with quantized data in an important way. As one very concrete example of a practical
application, the problem we study could also model analog transmission of a measurement
θ over a fading channel where the transmission is received at a bunch of spatially separated
receivers placed to get independent fading. As shown in Fig. 1, the receivers make hard
binary decisions that are sent to a fusion center to develop an estimate θ̂(y). We assume
the binary transmissions are sent error free. This will simplify things and will be a justified
approximation if the transmissions are sent slowly enough that we can use strong codes and
obtain nearly error free communications. If the noise in the original analog transmissions is
just thermal noise which is the typical assumption in communication systems, it will produce an i.i.d. sequence. This is the most commonly used simple model in communication
systems and it makes sense to consider this model. Even if the noise is not just thermal,
the model is reasonable if the receivers are reasonably separated in space.
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Figure 1: Block diagram for estimating a noisy measurement θ at the fusion center when
the measurement θ is transmitted using analog communication over parallel fading channels
with gains h1 , . . . , hN . These transmissions are received by spatially separated receivers
which make hard decisions that are sent to the fusion center (error free) to develop an
estimate θ̂(y).
The best achievable MSE performance of an unbiased estimator is analyzed in the scenario of identical thresholds. By minimizing the corresponding CRLB, it is shown that the
optimal threshold is not equal to the true value of θ which is the case with additive noise
as shown in previous research [5] [7]. Then, the ML estimator is utilized to estimate the
unknown parameter. It is shown that the ML estimator is asymptotically eﬃcient when the
threshold satisfies certain conditions. Secondly, a nonidentical threshold strategy is used to
improve the performance of the ML estimation. The corresponding CRLB is derived, and
it is shown that the multiplicative noise may improve the performance of the ML estimator
under rather mild condition in this nonidentical scenario. The nonidentical thresholds are
designed by maximizing the minimum asymptotic relative eﬃciency (ARE). To solve the
corresponding ML estimation problem, we re-parameterize and relax the original problem
to find a good initial point. Thirdly, the case in which some nuisance parameters are present
is studied. The nuisance parameters describe the distributions of the additive noise and the
multiplicative noise. The corresponding CRLB is obtained, and the ML estimation problem
is transformed to a convex optimization, which can be solved eﬃciently.
Note that some approximations have been adopted in order to simplify the analysis.
In Subsection 3.3, we have used the Chernoﬀ bound to find the approximately optimal
threshold given known θ. Besides, for the nonidentical thresholds strategy, we also use the
Chernoﬀ bound to simplify the analysis in Subsection 4.1. These approximations are useful
to understand this problem, and the impact of the approximations are discussed in Section
6.
Notation
The N × 1 vector of ones is 1N , and the N × N identity matrix is IN . For an unknown
deterministic parameter θ, θ0 denotes its true value. For a random vector y, p(y; θ) denotes
the probability density function (PDF) of y parameterized by θ, and Ey [·] denotes the expectation taken with respect to y. For x = [x1 , · · · , xn ]T and a continuous and diﬀerentiable
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function f : Rn → R, ∇x f and ∇2x f denotes its gradient and Hessian. For a vector function
g : S → Rr defined on a set S in Rs , ∂g(θ)/∂θ denotes its Jacobian matrix [∂gi (θ)/∂θj ]r×s .
For any appropriate matrix A, tr(A) denotes its trace, A ⪰ 0 (A ≻ 0) means that A is
positive semidefinite (positive definite), and A ⪰ B means that A − B ⪰ 0.
The rest of this paper is organized as follows. In Section II, the parameter estimation
problem with unquantized measurements is studied. The theoretical CRLB and the closedform expression of the ML estimator based on binary measurements is derived, and the
theoretical performance limits are analyzed in Section III. Section IV deals with estimation
using the nonidentical threshold strategy. The thresholds are selected via a robust optimization procedure to ensure the performance of the ML estimator is stable. Numerical
algorithms are proposed to find the ML estimator. In Section V, the underlying parameter
is estimated when some nuisance parameters describing the distributions of the additive
noise and the multiplicative are present. In Section VI, numerical results are presented.
Finally we conclude the paper in Section VII.

2

Preliminaries

In this section, the signal acquisition model is introduced first. Then the ML estimation
problem based on unquantized measurements is studied. The corresponding CRLB is derived, and the ML estimator is numerically found.
As for the model previously described in Figure 1, for the nth receiver, its received signal
can be described as
n = 1, · · · , N,

xn = hn θ + υn ,

(1)

where θ is the underlying parameter to be estimated, υn is the additive noise at the nth
receiver satisfying υn ∼ N (0, συ2 ), and the noise is assumed independent and identically
distributed across the receivers. hn is a flat fading channel coeﬃcient, xn is the local
measurement at receiver n, and N denotes the number of receivers. In our setting, the
channel coeﬃcient hn is modeled as an i.i.d. Gaussian random variable which satisfies
hn ∼ N (1, σe2 ) and is independent of υn . Consequently, model (1) is written as
xn = (1 + en )θ + υn ,

(2)

where en is a random Gaussian perturbation satisfying en ∼ N (0, σe2 ). Note that the
channel coeﬃcient hn can be described by two terms. The first term corresponds to the
line-of-sight path, and the second term corresponds to the scattered path. As a result, 1/σe2
is the ratio of the power of the line of sight component to that of the remaining nonspecular
multipath [20]. Another perspective is to view the random component en as a perturbation
added to the deterministic component 1. Consequently, we may view σe2 as the strength of
a perturbation in the following text.

5

To estimate the unknown parameter θ, the random component en is treated as a noise.
Therefore, we may define the equivalent noise zn as zn = en θ + υn , which can be viewed
as the sum of the additive noise and the multiplicative noise. Obviously, the multiplicative
noise satisfies en θ ∼ N (0, σe2 θ2 ). Since the additive noise υn is independent of en , it can be
shown that zn ∼ N (0, σz2 ), where σz2 is defined as
σz2 = θ2 σe2 + συ2 .

(3)

To find the ML estimator of θ, ones needs to solve the following optimization problem
θ̃ML = argmin − log p(x; θ),

(4)

θ

where p(x; θ) denotes the likelihood function based on unquantized measurements {xn }N
n=1 .
Diﬀerentiating the above log-likelihood function (4) and setting it equal to zero yields
N σe4 θ3 + σe2 sθ2 + (N συ2 − σe2 t + N σe2 συ2 )θ − συ2 s = 0,

(5)

∑
∑N
2
where t and s are constants defined as t ≜ N
n=1 xn and s ≜
n=1 xn , respectively. The
three roots of (5) can be calculated eﬃciently by several numerical methods. Then the root
that minimizes the negative log-likelihood function is chosen as the ML estimator θ̃ML .
The CRLB provides a lower bound on the mean square error (MSE) of any unbiased
estimator. Therefore, it is meaningful to discuss the CRLB. The Fisher information (FI) is
used to find bounds on unbiased estimators, and the CRLB follows by taking the inverse of
the FI. To compute the corresponding FI, we utilize the result of the CRLB for the general
Gaussian case [21], and finally obtain
( 2 2
)2
θ σe + συ2
1
CRLB(x; θ) =
.
N συ2 + (1 + 2σe2 )σe2 θ2
2 2

(6)

2

e +συ
Notice that CRLB(x; θ) ≤ θ σN
, where the righthand side term of the inequality denotes
the variance of the unbiased sample mean estimator. The above result is expected, because
the ML estimator is asymptotically optimal in the sense of unbiasedness.

3

ML Estimation Based on Identical Thresholds

In this section, the case where each sensor or receiver quantizes the signal with the same
threshold τ is investigated. It is assumed that both the strength of perturbation σe2 and the
variance of the additive noise συ2 are known. First, the log-likelihood function is computed.
Then the statistical identifiability of the estimation problem is analyzed, and a suﬃcient
condition is provided to make the problem well-defined. Finally, the CRLB is derived, and
the ML estimator is utilized to estimate the unknown parameter.
It is assumed that θ lies in (−∆, ∆), where ∆ is known. This assumption is practical
since quantizers have the inherent dynamic range limitations [5].
6

With a fixed threshold τ , the fusion center obtains the 1-bit measurements {yn }N
n=1 as
yn = sign(xn − τ ).

(7)

From (7), it can be seen that yn follows a Bernoulli distribution. Given the observations
{yn }N
n=1 , let them be partitioned into the index sets I+ and I− , where I+ and I− are defined
as I+ = {n|yn = 1, n = 1, · · · , N } and I− = {n|yn = −1, n = 1, · · · , N }, respectively.
According to (2), the likelihood function can be calculated as
Pr(y; θ) =

∏

Pr(θ + zn − τ > 0)

n∈I+

=

N
∏
n=1

)
(
θ−τ
,
Φ yn
σz

∏

Pr(θ + zn − τ ≤ 0)

n∈I−

∫u
x2
where Φ(u) = √12π −∞ e− 2 dx is the cumulative distribution function of the standard
Gaussian distribution and σz is defined in (3). Therefore, the corresponding log-likelihood
function is
l(y; θ) =

N
∑
n=1

3.1

(
)
θ−τ
log Φ yn
.
σz

(8)

Statistical identifiability

In this subsection, the statistical identifiability of the model (7) is investigated, and the range
of the threshold to make the model identifiable is determined. The concept of identifiability
is related to the underlying parameter being uniquely determined from the distribution of
the measurements. Mathematically, this means that the mapping θ −→ l(y; θ) is injective
for all y, and the underlying parameter can be estimated accurately given that the number
of measurements tends to be infinity [22, 23].
By introducing a new variable
√
ω(θ, τ ) ≜ (θ − τ )/ θ2 σe2 + συ2

(9)

the log-likelihood function (8) is more easily analyzed. The function log Φ (·) is monotone
increasing. Therefore, to ensure that the estimation problem is identifiable, the following
condition should be satisfied
θ1 ̸= θ2 =⇒ ω(θ1 , τ ) ̸= ω(θ2 , τ ).

(10)

We first discuss three extreme cases. When the variance of the equivalent noise σz2 is
zero, we can only determine the interval to which θ belongs according to (2) and (7). When
the strength of the multiplicative noise σe2 is zero, condition (10) is always satisfied. Thus
any threshold will make the estimation problem statistically identifiable. When the variance
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of the additive noise συ2 is zero, we find that there does not exist a threshold such that the
estimation problem is identifiable.
Let us go back to the general case, but assume that both συ2 and σe2 are nonzero unless
stated otherwise in the following text. A suﬃcient condition for (10) to be satisfied is that
ω(θ, τ ) is a strictly monotone function of θ in the interval (−∆, ∆). By straightforward
calculation, it can be shown that the partial derivative of ω(θ, τ ) with respect to θ is
3

η(θ, τ ) ≜ ∂ω(θ, τ )/∂θ = (συ2 + θτ σe2 )/(θ2 σe2 + συ2 ) 2 .

(11)

Because θ ∈ (−∆, ∆) and η(0, τ ) > 0, ω(θ, τ ) is monotone increasing with θ if and only if
−συ2 /(∆σe2 ) ≤ τ ≤ συ2 /(∆σe2 ).

(12)

As a consequence, (12) is a suﬃcient condition to make the estimation problem identifiable.
It can be checked that (12) is not applicable when the variance of the additive noise συ2
is zero. When the perturbation does not exist, i.e., σe is zero, the estimation problem is
identifiable for any choice of thresholds, which is consistent with (12). If συ2 is zero, ω(θ, τ )
is not diﬀerentiable at θ = 0. For any nonzero σe and συ , selecting the threshold τ as zero
can also make the estimation problem identifiable. The smaller ∆ is, the larger the range
of the threshold which will make estimation problem identifiable from (12). As smaller ∆
reduces our uncertainty, this seems reasonable. At the end of Section III, we show a case
where the parameter becomes unidentifiable when (12) is not satisfied.

3.2

Cramér-Rao Lower Bound

In this subsection, the performance with the approach in (7) is characterized using the
CRLB on the MSE of unbiased estimators. A closed-form expression for the CRLB is
presented in the following proposition. To simplify the expression, we let pn0 (·) denote a
standard normal PDF.
Proposition 1 Consider the estimation of θ from the observations in (7) with identical
thresholds at each sensor. The MSE mse(θ̂) = Ey [|θ − θ̂|2 ] for any unbiased estimator θ̂
must satisfy
mse(θ̂) ≥

1
1
≜ B(θ, τ ),
N q(θ, τ )η 2 (θ, τ )

(13)

where q(θ, τ ) is
)
(
p2n0 θ−τ
σz
) (
),
q(θ, τ ) = (
θ−τ
Φ
−
Φ θ−τ
σz
σz

(14)

η(θ, τ ) is defined as (11), and B(θ, τ ) is defined as the CRLB with the threshold being τ .
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Proof It can be checked that the regularity condition Ey [∇θ l(y; θ)] = 0 holds. Besides,
[
]
the FI is computed through J(θ) = −Ey ∇2θ l(y; θ) , where ∇2θ l(y; θ) is given by
∇2θ l(y; θ) = −

N
∑
i=1

+

Ni
∑
i=1

1
) η 2 (θ, τi )p2n0 (ω(θ, τi ))
(
θ−τi
2
Φ y i σz

√
(
)
2πyi
(
) ∇θ η 2 (θ, τi )p2n0 (ω(θ, τi )) .
i
Φ yi θ−τ
σz

(15)

It follows by straightforward calculation that the expectation of the second term of (15) is
zero, and the FI is
J(θ) = N q(θ, τ )η 2 (θ, τ ).

(16)

Consequently, the CRLB (13) can be established.
We now establish some links with results in prior related work. If the threshold τ is
zero or the strength of perturbation σe2 is zero, CRLB (13) is consistent with those results
in [17] and [7], respectively.
Remark 1 From the previous subsection, we know that if the parameter θ lies in (−∆, ∆)
and the threshold is chosen according to (12), then the parameter θ is identifiable. Meanwhile, under the same conditions, it is interesting to find that the CRLB is always finite
from (11) and (13).

3.3

The approximately optimal threshold τapp

In this subsection, the near optimal threshold τopt is determined in terms of minimizing the
corresponding CRLB B(θ, τ ). However, it is diﬃcult to directly analyze (13). Fortunately,
by using the Chernoﬀ bound for the cummulative distribution function (CDF) [24]
(
) (
)
2
θ−τ
θ−τ
1 − (θ−τ )
Φ −
Φ
≤ e 2σz2 ,
σz
σz
4

(17)

one can find a tight upper bound U (θ, τ ) for B(θ, τ ) by substituting (17) in (13) to obtain
2

(θ−τ )
π
σz6
2
2σz
B(θ, τ ) ≤
e
≜ U (θ, τ ).
2N (συ2 + θτ σe2 )2

(18)

We will find the approximately optimal threshold τapp by minimizing the upper bound
U (θ, τ ). Taking the natural logarithm of the above upper bound U (θ, τ ) and dropping term
independent of τ , one has
log U (θ, τ ) ∼ (θ − τ )2 /(2σz2 ) − 2 log |συ2 + θτ σe2 |.
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Setting the first derivative of the above right-hand side to zero, one can obtain the approximately optimal threshold as
(
)
√
θ
τopt ≈ τapp = 1−α+ (1 + α)2 + 8σe2 (1 + α)
,
(19)
2
where α is defined as α ≜ συ2 /(θ2 σe2 ), which can be regarded as the ratio of the variance
of the additive noise to that of the multiplicative noise. In fact, when θ ≈ 0 or α ≫ 1, by
using a first order Talyor approximation, equation (19) reduces to
)
(
√
τopt ≈ 1 − α + α 1 + 2(1 + 4σe2 )/α + (1 + 8σe2 )/α2 θ
≈ (1 + 2σe2 )θ.
This result demonstrates that the optimal threshold is not always equal to the true value
of θ with the existence of multiplicative noise.
Although the optimal threshold depends on the true value of θ, it is still meaningful in
helping us to estimate the parameter θ with adaptive approaches. Suppose that feedback
can be utilized to improve the estimation. Then the fusion center can obtain an estimation
θ̂t iteratively. According to (19), the fusion center can adjust the optimal threshold τt+1
based on this estimation θ̂t . As a consequence, the accuracy of new estimation can improve
significantly, as revealed by [5, 25].

3.4

ML Estimation

Now a closed-form expression of the ML estimate of θ is presented. Meanwhile, the asymptotic eﬃciency of the ML estimator is established.
Finding the constrained ML estimate of θ amounts to the following optimization problem
(
)
N
∑
θ−τ
θ̂ML = argmin −
log Φ yn √
(20)
.
2σ2 + σ2
θ
θ∈[−∆,∆]
e
υ
n=1
The ML estimation of θ can be obtained by first optimizing the variable ω(θ, τ ) in (9).
Suppose that {yn }N
n=1 has k ones, the ML estimation of ω(θ, τ ) can be simplified to be
ω̂τ = argmin − k log Φ (ω(θ, τ )) − (N − k) log Φ (−ω(θ, τ )) .
ω(θ,τ )

By setting the partial derivative of the above log-likelihood function with respect to ω(θ, τ )
to zero, one can show that
ω̂τ = Φ−1 (k/N ) ,

(21)

where Φ−1 (·) denotes the inverse function of Φ(·). Considering the restrictions that θ ∈
(−∆, ∆) and the threshold τ satisfies (12), ω(θ, τ ) should satisfy
Ω1 ≜ ω(−∆, τ ) ≤ ω(θ, τ ) ≤ ω(∆, τ ) ≜ Ω2 .
10

(22)

Combining (21) and (22), the constrained ML estimation of ω(θ, τ ) is ω̂ML = IΩ (ω̂τ ), where
IΩ (·) is the following piecewise-linear limiter function



x,
if Ω1 ≤ x ≤ Ω2


IΩ (x) = Ω1 , if x < Ω1



Ω2 , otherwise.
2

1±ω̂ML σe ξ
2 σ 2 ), where ξ > 0, θ
According to (9) and by defining ξ 2 = 1 + σσ2υτ 2 (1 − ω̂ML
1,2 = 1−ω̂ 2 σ 2 τ ,
e
e
ML e
(
)
2
θ3 = √ συ2 2 ω̂ML , and θ4 = 1 − σσ2υτ 2 τ2 , one can obtain the ML estimation of θ shown
1−ω̂ML σe

e

in Table 1, where × denotes cases that never occur. Note that θ3 is consistent with the
result in the prior work [17]. The proof is presented in the Appendix in Section 8.1.
Table 1: Considering the restriction θ ∈ (−∆, ∆), the ML estimator θ̂ML with identical
threshold τ .
τ \ω̂ML

(−∞, −1/σe )

±1/σe

(−1/σe , 1/σe )

(1/σe , ∞)

τ <0

×

θ4

θ2

θ2

τ =0

×

×

θ3

×

τ >0

θ1

θ4

θ1

×

In Figure 2, it is shown that the MSE performance of the ML estimator θ̂ML (20)
based on binary measurements does not deviate far away from B(θ, τ ) (13), the CRLB
using unquantized measurements, provided an appropriate threshold is employed. The
parameters are selected as: θ = 1, σe2 = 0.5, συ2 = 0.5, τ = 1.5, and ∆ = 3. Numerical
computation shows that τopt = 1.7, thus the selected threshold is near the optimal threshold.
It is demonstrated that the ML estimator θ̃ML (4) quickly approaches its corresponding
CRLB, CRLB(x; θ) (6), while there exists some gap between the CRLB B(θ, τ ) (13) and
the MSE of the ML estimator θ̂ML if N < 50. Therefore, optimization based on CRLB
minimization is reliable if the number of observations is large. Besides, it is shown that
with an appropriate threshold, the degradation of the performance of the ML estimator
θ̂ML based on binary quantized measurements is indeed small compared to the CRLB of
unquantized measurements.
Now the asymptotic property of the ML estimator θ̂ML is summarized in the following
theorem.
Theorem 1 Suppose that the unknown parameter θ lies in (−∆, ∆), and the threshold τ
is chosen according to (12). Then the ML estimator θ̂ML is asymptotically eﬃcient, i.e.,
lim N Ey [(θ̂ML − θ)2 ] = B0 (θ, τ ), where B0 (θ, τ ) denotes the CRLB for estimating θ based
N →∞

on any one sample yn and is equal to N B(θ, τ ).
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Figure 2: The MSE performance of the two ML estimators θ̃ML (4) and θ̂ML (20) compared
with their corresponding CRLBs CRLB(x; θ) (6) and B(θ, τ ) (13). The threshold is chosen
as τ = 1.5.
Proof Since the derivative of the log-likelihood function exists, the parameter θ is identifiable, and the FI is nonzero for θ ∈ (−∆, ∆) given τ satisfying (12), the ML estimator is
asymptotically eﬃcient based on the Theorem 7.3.1 in [26].
The Theorem 7.3.1 from [26] says that ML estimators are always asymptotically eﬃcient under some necessary conditions. From [26], parameter identifiability is a necessary
condition for the ML estimator to be asymptotically eﬃcient, so it is important how the
thresholds are selected. It is reasonable that parameter identifiability is needed. For example, consider the parameters set as follows: ∆ = 2, συ2 = 0.5, σe2 = 1 and the true value of θ
is θ0 = 1. If the threshold is chosen as τ = −2, then l(y; θ)|θ=1 = l(y; θ)|θ=−0.2 for arbitrary
observations. In such a case, a maximum likelihood estimator has no way to know if θ0 = 1
or θ0 = −0.2 and having larger N will not help.

4

ML Estimation Based on Nonidentical Thresholds

The variance of the ML estimator θ̂ML given in Table 1 can be close to the variance of
the ML estimator θ̃ML based on unquantized measurements when the threshold is close
to the optimal threshold given the actual parameter θ. When the dynamic range of θ is
large compared to the standard deviation of the noise, the identical threshold strategy can
not ensure that the performance of the quantized ML estimator is close to that of the
unquantized ML estimator for every θ [7]. Therefore, a nonidentical thresholds strategy is
proposed to ensure that there will always exist a threshold close to the optimal threshold
of the true parameter.
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In this section, a nonidentical threshold strategy is utilized to estimate the unknown
parameter θ. Firstly, the mathematical model is described and the corresponding CRLB
is established. Secondly, the nonidentical thresholds are designed via robust optimization.
Finally, numerical algorithms are proposed to find a global minimum of the negative loglikelihood function with high probability.
Suppose that the sensors are partitioned into Ng groups. For the ith group, there are
Ni sensors which utilize the identical threshold τi . Let ρi = Ni /N denote the corresponding
∑Ng
fraction of sensors, where N is the total number of sensors. Clearly, one has 1 = i=1
ρi .
Let xi,j be the original measurement of the jth sensor in the ith group, and yi,j be the
corresponding 1-bit quantized measurement. It is also assumed that the fusion center knows
the thresholds utilized by any sensor.
Similar to (8), the corresponding log-likelihood function is obtained as
l(y; θ) =

Ng Ni
∑
∑

(
log Φ yi,j √

i=1 j=1

θ − τi
σe2 θ2 + συ2

)
,

(23)

where y denotes the binary measurements of all groups.
In the case of nonidentical thresholds, the CRLB is stated in the following proposition.
Proposition 2 Consider the estimation of θ with both σe2 and συ2 known. The nonidentical
thresholds strategy is utilized to estimate θ. Consequently, the FI is
Jk (θ) = N

Ng
∑
(

)
q(θ, τi )η 2 (θ, τi )ρi ,

(24)

i=1

and the MSE of any unbiased estimator based on binary measurements y must satisfy
mse(θ̂) ≥ (

1
Ng
∑

q(θ, τi

)

)η 2 (θ, τ

i )ρi

≜ CRLB(y; θ)

(25)

N

i=1

where q(θ, τ ) and η(θ, τ ) are defined as (14) and (11), respectively.
Proof The FI of the identical threshold strategy is (16) given in Proposition 1. Similarly,
we can obtain the FI (24) in this nonidentical scenario, and the CRLB is (25).
Given σe2 = 0, we can find that (25) is consistent with the result in [7]. From Proposition
2, it can be seen that the nonidentical thresholds strategy can overcome some problems of
the identical threshold approach. In particular, in Subsection 3.1, it is shown that the
parameter is unidentifiable unless the threshold is chosen properly. In the nonidentical
thresholds scenario, the CRLB (25) is always finite, which overcomes the limitations of
the identical threshold approach. This occurs because the estimation problem is always
identifiable with multiply thresholds. In fact, in Subsection 5.1, a closed form expression
for the ML estimator is shown to exist with only two diﬀerent thresholds even when the two
13

nuisance parameters σe2 and συ2 are unknown. This result demonstrates that the multiple
threshold strategy provides some significant advantages for estimation. In the following
subsection, we will show that it is possible to select the system parameters (τ , ρ) such that
the CRLB (25) is robust in the dynamic range of the parameter being estimated, overcoming
this limitation of the ML estimator in the identical threshold scenario.
It is well-known that suitable additive noise can improve the MSE performance of the
ML estimator in nonlinear systems [27–32]. In fact, it can be shown that increasing the
variances of the multiplicative noise may improve the estimation accuracy in this nonidentical threshold scenario. An example is used to validate this statement. Suppose that the
variance of the additive noise συ2 is zero, and θ is nonzero. Assume each threshold τi is
nonzero and satisfies τi − θ ̸= 0. Since the nonidentical threshold strategy is utilized, one
can obtain a consistent ML estimator even when the two nuisance parameters συ2 and σe2
are unknown, as shown in the Subsection 5.1. Therefore the sign of θ can be determined
provided that the number of measurements N is large enough. Without loss of generality,
we may restrict that θ ∈ (0, ∆). The derivative of the log-likelihood function (23) exists for
θ ∈ (0, ∆), and the FI is nonzero according to (24). Thus the CRLB (25) can be used to
characterize the performance of the ML estimator in the case of συ2 = 0 [33].
From Proposition 2, one can conclude that the FI corresponding to the ith group is
Jk (θ, τi ) = N q(θ, τi )η 2 (θ, τi )ρi . It can be shown that if the strength of the multiplicative
noise tends to either zero or positive infinity, Jk (θ, τi ) tends to zero, which implies that there
exists no finite unbiased estimator for θ [34]. Except for the two cases, Jk (θ, τi ) is nonzero.
Thus an increase in the variance of the multiplicative noise is helpful when starting from
zero variance multiplicative noise. In general, this phenomenon reveals that multiplicative
noise has two opposing eﬀects on estimation. On the one hand, multiplicative noise provides
dynamic thresholds for the quantization, which is beneficial to the estimation. On the other
hand, multiplicative noise increases the variance of the estimation. Therefore, there exists
an optimal strength of multiplicative noise that balances the two opposing eﬀects.

4.1

Threshold selection via robust optimization

In this subsection, the problem of designing the system parameters (τ , ρ) is analyzed. The
concept of asymptotic relative eﬃciency (ARE) is first introduced. Then the ARE is adopted
as a criterion to design the system parameters.
The ARE is utilized to measure the relative performance between two estimators [37,38].
In our scenario, the ARE is defined as the ratio of the CRLBs obtained by x to that of y,
which is
γ(θ) ≜

CRLB(x; θ)
,
CRLB(y; θ)

(26)

where CRLB(x; θ) is the CRLB based on unquantized measurements given by (6). Since the
ML estimator asymptotically achieves the CRLB, the ARE represents the relative asymp14

totic performance of the two ML estimators based on quantized and unquantized measurements. It is obvious that the performance of the unquantized ML estimator is better than
that of the quantized ML estimator, the ARE γ(θ) is less than 1 for every value of θ. It can
also be seen that in the asymptotic sense, if the number of quantized measurements is 1/γ
times that of unquantized measurements then the MSE performances of both estimators
are the same [38].
Since the ARE depends on θ, which is unknown in practice. We consider the design
of the parameters (τ , ρ) that maximizes the minimum ARE over θ ∈ (−∆, ∆). In other
words, we wish to design the parameters such that
(τ ∗ , ρ∗ ) =argmax

inf

γ(θ, τ , ρ),

(27a)

ρT 1 = 1,

(27b)

ρ ⪰ 0,

(27c)

θ∈(−∆,∆)

τ ,ρ

subject to

where γ(θ, τ , ρ) is produced by inserting (6) and (25) in (26)
∑
1 ∑
γ(θ, τ , ρ) =
q(θ, τi )(συ2 + θτi σe2 )2 ρi ≜
r(θ, τi )ρi
κ(θ)
Ng

Ng

i=1

2 ∑
e
πκ(θ)
Ng

≥
[

(θ−τi )2
−
2
2σz

i=1

συ2

2σe2 )σe2 θ2

]

i=1

∑
Ng

(συ2 + θτi σe2 )2 ρi ≜

s(θ, τi )ρi ,

(28)

i=1

σz2

where κ(θ) =
+ (1 +
and the inequality follows by the Chernoﬀ bound
(17). Note that (27) implies that the number of thresholds Ng is given. Meanwhile, it can
be seen that problem (27) is a linear programming problem of ρ if τ is fixed. If ρ is fixed,
(27) is either convex or concave of τ . Therefore, it is diﬃcult to find the optimal solutions
of (27).
Note that thresholds can be optimized based on either CRLB or ARE criterion. One
may use CRLB(y, θ) as an optimization criterion, as [13] [35] [36] does. ARE can also
be adopted as a criterion to design the quantizers as in [5] [29] concerning estimation in
quantizer systems. The reasons that we use the ARE criterion instead of CRLB are as
follows: (1) ARE reflects the quantization eﬀects compared to the unquantized systems.
Given the ARE, we can determine the least number of observations using binary quantizers
whose MSE is comparable to that of the unquantized systems in the asymptotic sense. (2)
Optimization via ARE also provides stability of estimation, as revealed by [5] [29].
The optimization problem (27) can be relaxed to obtain
(ρ∗ (τ )) = argmax

inf

ρ(τ )∈X (∞) θ∈(−∆,∆)

Eτ [r(θ, τ )] ,

(29)

where τ is regarded as a random variable whose PDF is ρ(τ ), X (o) denotes the following
set
{
}
∫ o
X (o) = ρ(τ )|
ρ(τ )dτ = 1, ρ(τ ) ≥ 0, ∀ − o ≤ τ ≤ o .
(30)
−o
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The problem (29) can be interpreted as follows: We should find the optimal PDF ρ∗ (τ )
which corresponds to the worst-case ARE for θ ∈ (−∆, ∆). In the following analysis, the
unknown PDF ρ(τ ) is allowed to describe a random variable with a discrete part so that
ρ(τ ) may include some delta functions. It can be seen that the value of the optimized
objective function of (29) should be larger than (27), because any feasible point in (27) is
feasible for (29), but a feasible solution for (29) may not be feasible for (27).
It is diﬃcult to explore the solution ρ∗ (τ ) of (29). Instead, we will analyze ρ∗l (τ ) in (29)
with r(θ, τ ) replaced by s(θ, τ ), where s(θ, τ ) is a lower bound of r(θ, τ ) given by (28). For
the optimization problem (29) and its lower bound version, we have the following result.
Proposition 3 There exists an optimal ρ∗ (τ ) and ρ∗l (τ ) both of which are symmetric
around the origin, i.e., ρ∗ (τ ) and ρ∗l (τ ) satisfy ρ∗ (τ ) = ρ∗ (−τ ) and ρ∗l (τ ) = ρ∗l (−τ ), respectively. Further, the support of ρ∗l (τ ) is bounded, i.e., ρ∗l (τ ) = 0, ∀|τ | ≥ τmax , where
τmax is a finite constant given shortly in (45).
Proof The proof is presented in the Appendix in Subsection 8.3.
In the following analysis, the support of ρ(τ ) is required to be [−τmax , τmax ]. This
requirement can be interpreted as follows: First, the threshold should be chosen such that
it is near the optimal threshold given θ. Since the dynamic range of θ is bounded, the whole
set of optimal thresholds is bounded. The thresholds we select should not be far away from
the optimal thresholds set. This intuition may demonstrate that ρ(τ ) is bounded. Secondly,
the Chernoﬀ bound is a good approximation. The bounded nature of ρl (τ ) may be applied
to ρ(τ ), and the support of ρ(τ ) may be approximated by [−τmax , τmax ]. Thirdly, numerical
simulation demonstrates that the ARE is robust under this requirement.
Assume that the support of ρ(τ ) is [−τmax , τmax ], the epigraph form of problem (29) is
minimize

t,

ρ(τ )∈X (τmax ),t

(31a)
∫

−t−

subject to

τmax

−τmax

r(θ, τ )ρ(τ )dτ ≤ 0,

∀θ ∈ (−∆, ∆),

(31b)

which is linear in t and the functional ρ(τ ). Thus the above optimization problem is an
infinite dimensional linear programming problem, and any local optimum corresponds to
the global optimum.
For the original optimization problem (31), strong duality holds [39]. We derive the
dual in the Appendix in Subsection 8.4. Now we give an interpretation of the dual for the
original optimization problem (27). For the dual problem (46), λ(θ) can be viewed as a
PDF of θ. It can be shown that the dual problem (46) is equivalent to
min

max

Eθ [r(θ, τ )] .

λ(θ)∈X (∆) τ ∈[−τmax ,τmax ]
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(32)

The inner maximization means that for a given PDF λ(θ), we select the optimal threshold
in the sense of Bayesian ARE. The outer minimization means that the worst-case PDF is
selected. Thus the dual problem means that we should find a worst-case PDF λ∗ (θ) for θ
and the corresponding optimal threshold. This gives another interpretation in the original
optimization problem.
Next we will discuss the numerical algorithms to solve the primal (31) and its dual
(32). First, we will determine τmax (45). Then we solve a finite dimensional optimization
problem by discretization. We consider the case corresponding to θ > 0 and τ > 0. Note
that s(θ, −τ ) seems negligible compared to s(θ, −τ ) with θ and τ being large in (44). In
this setting, τmax (θ) can be approximated by τapp (θ) (19), where τapp (θ) is a critical point
of s(θ, τ ). Besides, the approximately optimal threshold τapp (θ) is monotonously increasing
with respect to |θ|, which can be checked by showing ∂τapp /(θ)∂θ > 0, ∀θ > 0. Thus the
largest approximately optimal threshold τapp,max is obtained at θ = ∆. In the numerical
implementation, the following approximation τmax ≈ τapp,max is utilized, and numerical
simulation shows that the ARE is robust for θ ∈ (−∆, ∆).
We solve the primal (31) and its dual (32) numerically. The method we adopt here
is to represent θ as belonging to the interval (−∆, ∆) and taking on the value of a finite
number of discrete points. Let θ take on values in [θ1 , · · · , θM ], where θ1 = −∆, θM = ∆,
and M controls the discretization step. Meanwhile, the thresholds belonging to the interval
[−τmax , τmax ] are also discretized as [τ1 , · · · , τT ], where τ1 = −τmax and τT = τmax . Let the
discrete points be equally spaced. Then we may use CVX to solve the discretized version
of problems (31) and (32) [41]. Once we obtain the optimal threshold probability mass
function (PMF) of the discretized version of problem (31), we can construct a symmetric
threshold PMF ρ∗ds (τ ). To reduce the number of nonidentical thresholds, we discard the
thresholds whose fraction is small, and combine the nearby thresholds to form one threshold.
In addition, the sum of the fraction of the nonidentical thresholds are normalized to be unity.
Finally, the modified ρ∗ds (τ ) and the thresholds which corresponds to ρ∗ds (τ ) ̸= 0 are adopted
as an approximate solution of (27). Similarly, λ∗ds (θ) is obtained as an approximate solution
of worst-case parameter PMF λ∗ (θ).

4.2

ML estimation

Finding the ML estimate of θ is equivalent to the following optimization problem
(
)
Ng Ni
∑
∑
θ
−
τ
i
k
θ̂ML
=argmin −
log Φ yi,j √
.
σe2 θ2 + συ2
θ
i=1 j=1

(33)

k
Since the ML estimator θ̂ML
can not be found in closed-form, numerical algorithms are
proposed to find the optimal solution of problem (33). The modified Newton-Raphson
method is utilized by replacing the Hessian with the negative of the FI to yield

θt+1 = θt + Jk−1 (θt )∇θ l(y; θt ),
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where Jk (·) is given in (24) and t denotes the iteration index. However, the numerical
algorithms are not guaranteed to converge to the global optimum, because the ML estimation problem (33) may have multiple local optimum points. As a consequence, a good
initial point is key to ensuring the numerical algorithms converge to the global optimum
with high probability. A strategy is proposed to find a good initial point. The idea is to
relax the original non-convex optimization problem to a convex optimization problem, then
the corresponding optimal point is chosen as an initial point for a gradient search on the
original non-convex objective function. Numerical simulations show that the initial point
is typically near the global optimum. Besides, the initial point is also a consistent ML
estimator as will be shown later. Thus it is expected that this method can help us find the
global optimum.
Although the original optimization problem (33) is non-convex, it can be relaxed to
become a convex optimization problem. By introducing two new variables
u = θ/

√

σe2 θ2 + συ2

(34a)

σe2 θ2 + συ2 ,

(34b)

and
v = 1/

√

the above problem (33) can be equivalently transformed to become
Ng Ni
∑
∑

minimize

−

subject to

u2 σe2

u∈R,v>0

log Φ (yi,j (u − vτi )) ,

(35a)

i=1 j=1

+ v 2 συ2 = 1.

(35b)

This objective function is convex with respect to u and v. However, (35b) describes an
ellipse which implies a non-convex constraint. Thus problem (35) is still non-convex [40].
The method we propose is to discard the non-convex constraint (35b), then the original
ML estimation problem is relaxed to become a convex optimization problem. The objective
function of (35a) is strictly convex [17], thus the local optimum is the unique global optimum.
The gradient and the Hessian of (35a) are derived in the Appendix in Section 8.2. Then
the gradient and Hessian are provided to the MATLAB fminunc function to find the global
optimum (u∗ , v ∗ ) [44] which will provide an initial point for the following ML optimization.
Consequently, the initial point is chosen as
θinit = u∗ /v ∗ .

(36)

k
Next, the ML estimator θ̂ML
is numerically found by solving the original problem (33) with
the above initial point θinit .
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5

ML Estimation Based on Nonidentical Thresholds with Parameters Unknown

In this section, it is assumed that both the variance of the additive noise συ2 and the strength
of the perturbation σe2 are unknown. In this scenario, it can be seen that estimation of θ
is impossible with the identical threshold strategy, because for an estimated ω̂τ (21), there
exists an infinite number of solutions (θ̂, σ̂e , σ̂υ ) according to (9). Thus multiple thresholds
are utilized to estimate the unknown parameter. We assume that the scenario is the same as
in Section 4. The corresponding CRLB is derived and analyzed, and a numerical algorithm
is proposed to solve the ML estimation problem.
The closed-form expression of the corresponding CRLB is presented in the following
proposition.
Proposition 4 Consider the estimation of θ with both σe2 and συ2 unknown. The nonidentical threshold strategy is utilized to estimate θ. Consequently, the MSE of any unbiased
estimator must satisfy
mse(θ̂) ≥ CRLBu (y; θ)
)
∑Ng (
1 i=1 q(θ, τi )ρi θ2 − 2q(θ, τi )τi ρi θ + q(θ, τi )τi2 ρi 2
=
σz ,
∑Ng ∑Ng
N
i=1
j=1 q(θ, τi )q(θ, τj )(τj − τi )τj ρi ρj

(37)

where q(θ, τ ) is defined as (14).
Proof The proof is presented in the Appendix in Section 8.5.
Note that if σe2 = 0, Ng = 2 and ρ1 = ρ2 = 1/2, the CRLB (37) is consistent with
the result in [8]. From Proposition 4, it can be seen that the CRLB (37) is related to the
variance of the equivalent noise σz . This is because both the multiplicative noise and the
additive noise are Gaussian distributed. The strength of the perturbation and the variance
of the additive noise are unknown. As a consequence, the estimation accuracy is related to
the variance of the equivalent noise, which is also consistent with common sense.

5.1

ML Estimation

u
Finding the ML estimator θ̂ML
is equivalent to the following optimization problem
(
)
Ng Ni
∑
∑
θ − τi
u
θ̂ML = argmin −
log Φ yi,j √
.
2 θ2 + σ 2
σ
θ,συ ,σe
e
υ
i=1 j=1

(38)

According to (34), we reformulate another optimization problem
minimize

u∈R,v>0,συ ,σe

subject to

−

Ng Ni
∑
∑

log Φ (yi,j (u − vτi )) ,

(39a)

i=1 j=1

u2 σe2 + v 2 συ2 = 1.
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(39b)

For the problem (38) and (39), we have the following result.
Proposition 5 The optimization problem (38) is equivalent to (39).
∗ , σ ∗ ).
Proof Suppose that the optimal value of (38) is f ∗ , and the optimal solution is (θf∗ , σe,f
υ,f
∗
∗
∗
∗
∗
Meanwhile, the optimal value of (39) is g , and the optimal solution is (u , v , σe,g , συ,g ).
∗ , σ ∗ ), we can construct (u , v , σ ∗ , σ ∗ ) given
Once we find the optimal solution (θf∗ , σe,f
1 1 e,f
υ,f
υ,f
by (34), and the corresponding optimal value is given by g1 . Thus we have f ∗ = g1 ≥ g ∗ .
Similarly, we have f ∗ ≤ g ∗ by construction. In summary, f ∗ = g ∗ and the two optimization
problems are equivalent.

Note that problem (39) is similar to (35). However, in problem (39), the nuisance
parameters σe and συ are optimization variables. Since the optimization variables σe and συ
appear only in the constraint (39b), we may solve the optimization problem (39) to obtain
(uopt , vopt ) after discarding the non-convex constraint (39b). Consequently, the optimal
2
2 σ2
nuisance parameters σe,opt and συ,opt need to satisfy u2opt σe,opt
+ vopt
υ,opt = 1. The ML
u
estimator θ̂ML is
u
θ̂ML
= uopt /vopt ,

(40)

which is the initial point (36) for problem (33).
We now discuss further the reason that the non-convex constraint (39b) can be discarded.
Since the strength of the perturbation and the variance of the additive noise are unknown,
the multiplicative noise becomes an additive noise. As a consequence, we can not estimate
the nuisance parameters σe2 and συ2 . However, the variance of the equivalent noise σz2 can
2 . In this setting, the constraint (39b) is trivial and can be discarded.
be estimated by 1/vopt
It can be seen that solving the ML estimation problem (33) is much easier than (38).
This result is consistent with known results concerning the corresponding linear regression
model. In the linear regression model the least squares solution is the ML estimator when
the two nuisance parameters συ2 and σe2 are unknown. When the two parameters are known,
one has to resort to numerical algorithms to find the ML estimator. In addition, when σe2 is
nonzero the least squares estimator and the ML estimator are consistent. In our scenario,
k
u
we also find that both estimators θ̂ML
and θ̂ML
are consistent.
u
If Ng = 2, the closed-form expression of the ML estimator θ̂ML
exists. Suppose that
Ni
−1
{yi,j }j=1 has ki ones for a given i, then one has uopt − vopt τi = Φ (ki /Ni ) , i = 1, 2.
Therefore, the ML estimator is
u
θ̂ML
=

Φ−1 (k2 /N2 ) τ1 − Φ−1 (k1 /N1 ) τ2
.
Φ−1 (k2 /N2 ) − Φ−1 (k1 /N1 )

(41)

Similar results, consistent with (41), are obtained in [8], which focuses on the additive noise
only case.
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Figure 3: The optimal and approximate threshold (19) as a function of the true value θ0
normalized by the standard deviation of the additive noise συ .

6

Numerical Simulations

In this section, various numerical calculations are performed to substantiate the corresponding theoretical analysis.
The first calculation shows that (18) is a good approximation of (13). Due to symmetry,
θ ≥ 0 is considered only. We consider two cases corresponding to σe2 = 0.2 and σe2 = 1, and
the optimal threshold τopt is numerically found. The results are plotted in Figure 3. It is
shown that the approximately optimal threshold given by (19) approximates the optimal
threshold well, especially when either θ/συ or σe is small. In addition, the approximately
optimal threshold τapp always underestimates the optimal τopt for θ > 0, and the optimal
threshold τopt is not equal to θ0 , which is diﬀerent from the situation of additive noise only.
The eﬀectiveness of the relaxed method described in Subsection 4.2 for finding the ML
k is demonstrated in the second calculation. The parameters are set as follows:
estimator θ̂ML
σe2 = 1, συ2 = 1, θ0 = 2, ∆ = 3, Ng = 2, and Ni = 100, i = 1, 2. The thresholds are chosen
as the two boundary points ±∆. From Figure 4, it can be seen that all the local minimum
points are lying in the range (−∆, ∆), while there exists a unique global minimum of the
negative log-likelihood function. The optimum of the relaxed optimization problem is near
the global minimum. Thus numerical algorithms will be well positioned to find the ML
k
estimator θ̂ML
by choosing the initial point θinit (36).
The significance of selecting appropriate nonidentical thresholds is validated next. The
dynamic range of the parameter is ∆ = 2, the number of discrete values for θ ∈ (−∆, ∆)
and τ ∈ [−τmax , τmax ] are M = 601 and T = 201, respectively. We consider two scenarios.
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Figure 4: The eﬀectiveness of the relaxed method. The red solid line and the blue dashed
line represents two realizations of the negative log-likelihood functions. The marks + and
◦ denote the local minimum of the negative log-likelihood function and the optimal point
of the relaxed problem, respectively. Note that the above negative log-likelihood function
has two local optimum, and one of the local optimum is the global optimum.
One corresponds to συ2 = 0.1 and σe2 = 0.1, Thus the optimal threshold at θ = ∆ is
approximated by τmax ≈ 2.35 by (19). The other is συ2 = 1 and σe2 = 0.5. It can be
calculated that τmax ≈ 3.37. In Figure 5, we plot the ARE γ with respect to θ. It can be
seen that setting the single threshold to zero works well when θ is near zero. However, this
works poorly when θ is near the boundary. For the optimized nonidentical thresholds case,
the ARE is almost unchanged over the dynamic range of θ, which shows that the thresholds
we optimized are robust for estimation.
Meanwhile, we plot the approximate PMF ρ∗ds (τ ) and the approximate parameter PMF
λ∗ds (θ) in Figure 6. Note that the nearby thresholds or the parameters are combined together and represented by their mean, and some thresholds whose probability is small are
abandoned. It can be seen that although the range of the threshold is larger in the more
noisy scenario, the number of thresholds is smaller. In fact, the optimal thresholds should
be matched to the additive and multiplicative noise such that the worst-case ARE is maximized. Intuitively, when the variance of noise increases, the optimal threshold spacing could
become larger. The threshold spacing increases faster than the range of the threshold in
this case, thus the number of thresholds is smaller in the more noisy scenario. It is seen
that ρ∗ds (τ ) is large at the boundary. In fact, this phenomenon can be explained by the
dual variable λ∗ds (θ). Since the approximate PMF λ∗ds (θ) is large at the boundary, a large
fraction of receivers is allocated with a large threshold to ensure that the ARE is robust in
the parameter range.
k (33) and θ̂ u (38) are compared
Finally, the performances of the two ML estimators θ̂ML
ML
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Figure 5: The ARE with diﬀerent thresholds versus θ. The blue dashed line and the red solid
line denote the ARE with the identical threshold being zero and the optimized thresholds,
respectively, in the case of [συ2 , σe2 ] = [0.1, 0.1]. The black dotted line and the magenta
dash-dot line denote the ARE with the identical threshold being zero and the optimized
thresholds, respectively, in the case of [συ2 , σe2 ] = [1, 0.5].
with their corresponding CRLBs. The parameters are the same as the previous investigation, and we consider the more noisy scenario corresponding to [συ2 , σe2 ] = [1, 0.5]. The true
value θ0 is drawn randomly from the interval (−∆, ∆). In this simulation, θ0 = 1.26. From
Figure 6, the thresholds are approximated by τ = [−3.3, −1.1, 1.1, 3.3]T , and the threshold
PMF can be approximated by ρ(τ ) = [0.25, 0.25, 0.25, 0.25]T . The MSEs and biases are
averaged over 5000 Monte Carlo simulations, and the results are plotted in Figure 7 and
u
Figure 8. It can be seen that the MSE performance of the ML estimator θ̂ML
is smaller
than the corresponding CRLBu (y; θ) (37) when the total number of observations is less
than 100. The reason is that the CRLB is a lower bound for unbiased estimators. When
u
the number of observations is small, the ML estimator θ̂ML
is biased, which can be seen
u
in Figure 8. As a consequence, the MSE performance of the ML estimator θ̂ML
could be
k
smaller than CRLBu (y; θ) (25) [42]. For the ML estimator θ̂ML , it is biased and its MSE
is larger than CRLB(y; θ) when N is small. This phenomenon is documented [43]. As the
number of observations increases, the two ML estimators become asymptotically unbiased
and achieve their corresponding CRLB asymptotically.

7

Conclusion

In this paper, we have studied the problem of estimating a deterministic parameter from binary quantized observations from a combined additive and multiplicative noise environment.
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Figure 6: The approximate threshold PMF ρ∗ds (τ ) and the approximate parameter PMF
λ∗ds (θ) in two scenarios. The red circle marker, the blue square marker denote the [συ2 , σe2 ] =
[0.1, 0.1], [συ2 , σe2 ] = [1, 0.5] cases, respectively.
Firstly, it was shown that the ML estimator may have two optimum points when each sensor
or receiver utilized an identical threshold, in contrast to the extensively studied additive
noise only case. It is very interesting that this relatively minor change of adding multiplicative noise leads to cases with an unidentifiable parameter unless the common threshold is
designed properly and the parameter is known to lie in an open interval, which does not
occur in the additive noise case. Since similar things may also occur in other estimation
problems, these results are especially informative and expand the accumulated knowledge
concerning signal processing with quantized data in an important way. The closed-form
expression of the ML estimator was derived to estimate the unknown parameter and it was
proved to be asymptotically eﬃcient provided the common threshold is designed properly
and the parameter is known to lie in an open interval. The CRLB was utilized to analyze
the performance of the ML estimator. It was demonstrated that the optimal threshold was
not equal to the true value of θ in contrast with the additive noise only case. Next, a
strategy where groups of senors or receivers can employ diﬀerent thresholds was proposed
to estimate the underlying parameter. The CRLB was established in the situation where
the variances of the additive noise and the multiplicative noise was known. Then the ARE
criterion was used to optimize the nonidentical thresholds. Since the original ML estimation
problem was non-convex, a relaxed method was proposed to find a good initial point for a
gradient search. Thirdly, it was demonstrated that the parameter could still be estimated
when the variance of the additive noise and the strength of the multiplicative noise were
unknown. The corresponding CRLB was derived. Finally, the ML estimation problem was
transformed to be a convex optimization problem, which can be solved eﬃciently. It was
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Figure 7: The MSE performance of the two ML estimators compared with their correspondk
ing CRLB. The red solid line denotes the ML estimator θ̂ML
when the nuisance parameters
2
2
σe and συ are known, and the dashed magenta line denotes its corresponding CRLBu (y; θ).
u
While the blue solid line denotes the ML estimator θ̂ML
when the two nuisance parameters
are unknown, and the black dashed line denotes its corresponding CRLB(y; θ).
demonstrated that both the known variance and the unknown variance ML estimators are
consistent, and asymptotically achieve the corresponding CRLB. Although we focused on
the binary quantization and scalar parameter estimation, it is possible to obtain the CRLB
of multi-bit quantization. As for vector parameter estimation, it is more challenging but a
very interesting topic where it seems similar approaches can be applied, see [46].

8
8.1

Appendix
Derivation of the ML Estimator θ̂ML (20)

Proof We consider three cases corresponding to τ = 0, τ > 0, and τ < 0.
For the case τ = 0, one can see that |ω̂ML | < 1/σe , and the ML estimator is θ3 .
For the case τ < 0, ω(θ, τ ) is monotone increasing in the interval θ ∈ (−∞, −συ2 /(τ σe2 )],
and ω(θ, τ ) is monotone decreasing in the interval θ ∈ [−συ2 /(τ σe2 ), ∞). Meanwhile, we have
−συ2 /(τ σe2 ) ≥ ∆ and lim ω(θ, τ ) = 1/σe . When 1/σe < ω̂ML ≤ Ω2 , there exists two roots
θ→∞

θ1 and θ2 , and the smaller root lies in the interval (−∆, ∆). It can be checked that θ1 > θ2 .
Therefore, θ2 is the ML estimator. When ω̂ML = 1/σe , θ4 is the ML estimator. When
|ω̂ML | < 1/σe , it can be shown that (θ1 − τ )ω̂ML < 0 and (θ2 − τ )ω̂ML > 0. Thus θ2 is the
ML estimator. Since ω̂ML ≥ Ω1 > −1/σe , there does not exist other cases.
The case that τ > 0 can be analyzed similarly as τ < 0.
To sum up, the ML estimation of θ is shown in Table 1.
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8.2

Computation of the Gradient and Hessian of (35a)

In this appendix, both the Gradient and Hessian of (35a) are computed. For brevity, let
Ng ∑
Ni
(
)
∑
T
log Φ yi,j aT
f (x̃) denote the function (35a), which is f (x̃) = −
i x̃ , where x̃ = [u, v]
i=1 j=1

and ai = [1, −τi ]T . Its gradient and Hessian are
2
Ng Ni
(aTi x̃)
yi,j
1 ∑∑
−
2
)e
(
∇x̃ f (x̃) = − √
ai ,
2π i=1 j=1 Φ yi,j aT
i x̃

and
2
Ng Ni
(aTi x̃)
y
1 ∑∑
T
( i,j T ) e− 2 (aT
∇2x̃ f (x̃) = √
i x̃)ai ai
2π i=1 j=1 Φ yi,j ai x̃

Ng Ni
2
1 ∑∑
1
−(aT
i x̃) a aT ,
(
)
+
e
i i
2π
Φ2 yi,j aT
i x̃

(42)

i=1 j=1

respectively.

8.3

Proof of Proposition 3

Proof We first show that there exists an optimal ρ∗ (τ ) symmetric around the origin.
Suppose that ρo (τ ) is optimum. It can be shown that ρo (−τ ) ∈ X (∞). Besides, for the
objective function of (29), we have
inf
θ∈(−∆,∆)

=

inf

θ∈(−∆,∆)

Eτ [r(θ, τ )] =

inf
θ∈(−∆,∆)

E−τ [r(−θ, τ )] =
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E−τ [r(θ, −τ )]

inf
θ∈(−∆,∆)

E−τ [r(θ, τ )] ,

(43)

where the first equality follows by using a change of variable τ = −τ , the second equality
follows by r(θ, −τ ) = r(−θ, τ ), and the last equality follows from θ ∈ (−∆, ∆). Equation
(43) demonstrates that the optimized value of the objective function (29) with ρo (−τ ) is the
same as that of ρo (τ ). As a consequence, ρo (−τ ) is also optimum. We can construct a new
optimal PDF ρ∗ (τ ) = (ρo (τ ) + ρo (−τ )) /2 which is symmetric around the origin. Similarly,
we can find an optimal PDF ρ∗l (τ ) symmetric around the origin.
Next we will show that the support of ρ∗l (τ ) is bounded. We may require that ρl (τ ) =
ρl (−τ ), thus Eτ [s(θ, τ )] can be expressed as
∫ ∞
Eτ [s(θ, τ )] =
(s(θ, τ ) + s(θ, −τ ))ρl (τ )dτ.
(44)
0

By defining f (θ, τ ) ≜ s(θ, τ ) + s(θ, −τ ), it can be shown that for any θ > 0, there exist a
τmax (θ) such that f (θ, τ ) is decreasing in [τmax (θ), ∞). Straightforward calculation shows
that τmax (0) = 0. By defining
τmax = sup τmax (θ),

(45)

θ∈[0,∆)

f (θ, τ ) is decreasing in the interval [τmax , ∞) for any θ ∈ [0, ∆). Since ∂f (θ, τ )/∂τ ∼
∂f (−θ, τ )/∂τ , similar analysis will show that f (θ, τ ) is decreasing in the interval [τmax , ∞)
for any θ ∈ (−∆, 0]. Thus f (θ, τ ) is decreasing in the interval [τmax , ∞) for any θ ∈ (−∆, ∆).
To ensure that the value of the optimized objective function of the lower bound version of
(29) attains its maximum, the support of ρ∗l (τ ) is bounded and satisfies ρ∗l (τ ) = 0, ∀|τ | ≥
τmax .

8.4

Derivation of the dual of (31)

Proof We will give the dual of problem (31). By introducing the dual variables λ(θ), ν
and χ(τ ), we construct the Lagrangian
]
∫ ∆[
∫ τmax
L(t, ρ(τ ), λ(θ), ν) = t −
t+
r(θ, τ )ρ(τ )dτ λ(θ)dθ
−∆
−τmax
(∫ τmax
) ∫ τmax
ρ(τ )χ(τ )dτ.
+ν
ρ(τ )dτ − 1 −
−τmax

−τmax

Through the Karush-Kuhn-Tucker (KKT) conditions, we obtain the dual problem as
maximize
λ(θ)∈X (∆),χ(τ ),ν

subject to

− ν,

(46a)

∫
ν−

∆

−∆

r(θ, τ )λ(θ)dθ − χ(τ ) = 0,

∀τ ∈ [−τmax , τmax ],

(46b)

χ(τ ) ≥ 0, ∀τ ∈ [−τmax , τmax ].

(46c)
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8.5

Proof of Proposition 4

Proof The corresponding log-likelihood function is (23). To obtain the closed-form expression of the CRLB, the following conclusion is utilized in the case of vector parameter
CRLB for transformation.
Assume that we wish to estimate θ = g(x̃), where g is a r-dimensional function and x̃
is a s-dimensional parameter vector. Then the CRLB of θ from x̃ is given by [45]
Cov(θ̂) ⪰ ∂g(x̃)/∂ x̃ (J(x̃))−1 (∂g(x̃)/∂ x̃)T ,

(47)

where J(x̃) is the FI matrix of x̃.
In our case, x̃ = [u, v]T , and θ = g(x̃) = u/v. The FI matrix J(x̃) is obtained as
J(x̃) = Ey [∇2x̃ f (x̃)], where ∇2x̃ f (x̃) is (42). Therefore, the FI matrix is calculated to be


∑Ng

∑Ng



− i=1 q(θ, τi )τi ρi
i=1 q(θ, τi )ρi

J(x̃) =
N,
∑Ng
∑Ng
2ρ
− i=1
q(θ, τi )τi ρi
q(θ,
τ
)τ
i i i
i=1

(48)

where q(θ, τ ) is defined as (14). The Jacobian is
∂g(x̃)/∂ x̃ = [1/v, −u/v 2 ].

(49)

The CRLB is computed by substituting (48) and (49) in (47). Therefore, the desired result
(37) is established.
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