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Abstract—Signal processing on graphs is an emerging field
studying signals in irregular domains, and has been applied to
many applications such as sensor networks and recommendation
systems. In this paper, a novel method for the recovery of timevarying spatial signal based on graph is proposed. A graph is
established according to the spatial position of the signal. Unlike
the previous works, the smoothness of the temporal differential
signal on the graph rather than the smoothness of the signal itself
is used to help reconstruction. Two experiments of real-world are
conducted. The first experiment of sea surface temperature data
shows that the proposed algorithm achieves less reconstruction
error than other algorithms, and the second experiment of sensor
network data demonstrates the rationality and superiority of the
proposed algorithms from intuition.
Index Terms—signal processing on graphs; graph signals;
signal reconstruction

I. I NTRODUCTION
High-dimensional time series analysis plays an important
role in many applications, such as video processing, sensor
networks, and climatology [1, 2]. In this paper, time-varying
spatial signal is considered, with the position of each component known. Time-varying spatial signal is usually collected
over a large time frame at some fixed positions, and the
data may include missing values due to sensor malfunctions,
human errors or conservation of resource. the missing values
is called unsampled points, and the purpose of this paper is to
reconstruct them based on the sampled points.
The classical methods to handle time-varying spatial signals
with missing values are scattered data interpolations including Shepards interpolation, Kernel regression, Moving leastsquares and so on [3]. Natural neighbor interpolation [4] is a
typical technique that uses a Voronoi diagram of the sampled
points to formalize the notion of neighbor. Two points share
a common boundary in the Voronoi diagram are defined as
neighbors. The unsampled points are reconstructed by the
weighted average of their neighbors, where the weights are
volume-based.
In recent years, low-rank matrix completion methods have
been successfully applied in problems such as remote sensing
[5] and recommender systems [6]. It is proved [7, 8] that
the exact recovery of low-rank matrix in the case of random
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uniformly sampling without noise is achieved as long as
the number of sampled entries is large enough. A robust
algorithm named Fixed Point Continuation with Approximate
SVD (FPCA) is proposed in [9]. Usually, the time-varying
spatial signal may be approximately low-rank if it changes
not too fast, thus the missing values could be reconstructed
by low-rank matrix completion.
Signal processing on graphs is an emerging field mainly
solving problems in irregular domain [10], such as neuronal networks, social networks, and transportation problem. Sampling and reconstruction of graph signal has been
widely studied recently [11–13]. An algorithm named Iterative
Least Squares Reconstruction is proposed to reconstruct bandlimited graph signals from partially observed samples by
projecting the input signal into the appropriate band-limited
graph signal space [14, 15]. If the graph signals tend to be
smooth but not exactly band-limited, a graph regularization
framework is used. Most of the time the positions of a spatial
signal may be distributed irregularly, so it is very effective
to resort to signal processing on graphs. The corresponding
graph could be constructed according to the distance between
the points.
In general, for most real-world datasets such as temperatures
of cities across the country, they are not smooth enough on
graph, thus the results by graph regularization framework
[15] may not be satisfactory. However, we find that the
differential signals along the time direction often demonstrate
good smoothness on graph than the original signals. Thus, we
propose a new algorithm for the reconstruction of time-varying
spatial signal based on graph, which utilizes the smoothness
of temporal differential signals.
The rest of this article is organized as follows. Section 2
describes the problem and introduces several existing reconstruction methods for the problem. Section 3 proposes the new
algorithm. In Section 4, the proposed algorithm is tested and
compared with the existing methods. The conclusion is drawn
in Section 5.
II. P ROBLEM DESCRIPTION
A time-varying spatial signal can be denoted as a matrix
X = [x1 , x2 , · · · , xT ]. Each row of X is corresponding to
a position, which can be viewed as a time series, and each
column of X denotes the values of all the positions at a certain
moment. At each time i, only partial points are sampled, which

A. Scattered data interpolation
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is denoted as yi = Ji xi . Ji is consisted of only 1 and 0, and
each row contains only one 1.
Let x be the vectorization of matrix X, J =
diag{J1 , J2 , · · · , JT }, then the total samples can be denoted
as y = Jx. Obviously, it is underdetermined to recover m
given y. The problem of this work is that if the time-varying
spatial signal changes slowly with time, how to recover the
original signal by only partial samples. We introduce several
existing reconstruction methods for the problem at first.
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Considering a point set {pk |k = 1, 2, · · · , N }, the value of
point pk is denoted as f (pk ). The approximation of point p
by natural neighbor interpolation [3] is written as
X
fˆ(p) =
ωk (p)f (pk ),
(1)
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Fig. 1. Graph established by 5-nearest neighbors.

where S is the set of indices associated with the neighbors of
point p and ωk (p) are weight functions.
III. T HE P ROPOSED A LGORITHM
B. Recovery by FPCA
The precondition of using matrix completion is that matrix
X is low-rank. Under the premise of signal changing slowly
with time, this condition is easy to be satisfied. Algorithm
FPCA [9] formulates the reconstruction problem as
1
min µ||X||∗ + ||Jx − y||22 ,
X
2

(2)

where µ is the regularization parameter. Nuclear norm ||X||∗
is the sum of the singular values of X, which is the approximation of the rank of X.
C. Recovery by graph regularization
An undirected graph is denoted as G(V, E,W), where V
is the vertex set, E is the edge set, and W is the weighted
adjacency matrix of the graph. If one real number is associated with each vertex, these numbers of all the vertices are
collectively referred as a graph signal. The graph Laplacian is
defined as
L = D − W,
(3)
where the degree matrix D is a diagonal matrix, and the ith
diagonal element is the degree of vertex i.
Considering the time-varying spatial signal at time i, because the position of each point is known, we can establish
a graph whose weights are related to the geometric distance
between every two points. If signal xi is smooth on the graph,
xH
i Lxi will be small. Then a graph regularization framework
[15] can be used for the recovery of signal xi . The problem
is formulated as
min ||Ji xi − yi ||22 + µxH
i Lxi ,
xi

where µ is the regularization parameter.

∀i

(4)

For most real-world datasets such as spatial signals, they are
not smooth enough on graph, thus the results by graph regularization framework [15] may not be satisfactory. However,
we find that the differential signals along the time direction
often demonstrate good smoothness on graph than the original
signals, and the reconstruction of the time-varying spatial
signal can be formulated as
1
min (Tx)H LTx,
subject to y = Jx,
(5)
x 2
where L = diag{L, L, · · · , L} is a block diagonal matrix, and
the number of L is T . T is the differential operator of signal x
along the time direction. A gradient projection algorithm with
backtracking line search can be used to solve this problem.
Reformulated to an unconstrained optimization problem,
problem (5) is written as
1
λ
min ||Jx − y||22 + (Tx)H LTx,
(6)
x 2
2
where λ is the regularization parameter.
The detailed algorithm of problem (6) is listed in Table
I. A nonlinear conjugate gradient descent algorithm with
backtracking line search is used, where f (x) is the cost
function as defined in (6). The stopping criterion could be a
maximum number of iterations, or ||gk ||2 less than a threshold.
The gradient of f (x) is
∇f (x) = JH (Jx − y) + λTH LTx.

(7)

Because problem (6) is convex, the algorithm will converge
to the global optimal solution after sufficient iterations.
IV. E XPERIMENTS AND D ISCUSSIONS
The proposed algorithm is applied on two datasets: the sea
surface temperature from Earth System Research Laboratory
[16], and the sensor network data of Intel Berkeley Research
Lab [17]. The comparison algorithms include scattered data
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TABLE I
T HE PROCEDURE OF PROPOSED ALGORITHM

Input:
y
- sampled data
J
- sampling matrix
L
- Laplacian matrix
λ
- regularization parameter
α, β
- line search parameters
Output:
x
- reconstructed signal
Initialization:
x0 = 0; g0 = ∇f (x0 ); ∆x0 = −g0
Iteration:
1: Backtracking line-search.
t = 1;
while f (xk + t∆xk ) > f (xk ) + αtgkH ∆xk
t = βt;
xk+1 = xk + t∆xk ;
2: Update search direction.
gk+1 = ∇f (xk+1 );
||gk+1 ||22
;
γ=
||gk ||22
∆xk+1 = −gk+1 + γ∆xk ;
k = k + 1;
3: Repeat 1 and 2 until stopping criterion is met.
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A. The sea surface temperature dataset
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Fig. 2. The mean reconstruction error of each time.

interpolation [3], a low rank matrix completion method named
FPCA [9], and the graph regularization framework [15].
Mean Absolute Error (MAE) is used for result evaluation:
MAE =

||x̂ − x||1
Nx

(8)

where x is the original signal, x̂ is the reconstructed signal,
and Nx is the length of the signals.

The sea surface temperature data is collected monthly from
1870 to 2014, and the spatial resolution is 1 degree latitude
by 1degree longitude global grid. We randomly select 100
points on the Pacific for simulation, with the time length of 600
months. The selected data range from -0.01 degree to 30.72
degree, and the mean temperature is 19.15 degree. Besides, we
also have the latitude and longitude position of the selected
100 points.
Intuitively, these data are related to each other more or
less. For example, usually the temperature difference of two
close points is relatively small. Thus it is reasonable to
construct a graph to describe the relation of these points. In the
experiment, the graph is established by 5-nearest neighbors,
and the weights are inversely proportional to the square of
geodesic distance, as shown in Figure 1.
When the sampling rate is 40%, the MAE of the comparison
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B. The sensor network dataset
The sensor network data is collected from 54 sensors
distributed around the laboratory [17] every 30 seconds from
February 28th, 2004, and the section between 01:06 and
17:56 on February 28th, 2004 is selected for simulation.
The dimension of the selected data is 53 × 2000, excluding
one fully damaged sensor. The graph is established by 4nearest neighbors, with the weights inversely proportional to
the square of geometric distance.
There is missing data due to various reasons such as sensor
malfunctions and human errors. The missing values are called
unsampled points. Figure 5 shows the real sampling rate at
each time.
The reconstructed temperatures of the 14th sensor by the
three comparison algorithms and the proposed algorithm are
listed in Figure 6, where the circles denote the sampled points.
The recovery of scattered interpolation coincides well with
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Fig. 5. Sampling rate of the sensor network data.
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algorithms scattered data interpolation, FPCA, graph regularization, and the proposed algorithm are 0.3390, 0.23480,
0.4970 and 0.1146, respectively. Figure 2 is the MAE of each
time, and Figure 3 is the MAE of each position. As can be
seen, the performance the proposed algorithm is better than the
other methods. There are two reasons for the improvement
of the proposed algorithm. Firstly, we construct a graph to
describe the relation of the points, which exploits the spatial
correlation adequately. Secondly, we utilize the smoothness
of the temporal differential signals on the graph, which is
reasonable for real-world time-varying spatial signals.
Figure 4 gives the MAE of the overall signals under
different sampling rate. The experiment has been run 100 times
under each sampling rate. The error bars in the figure represent
standard deviation of the MAE. We could find that the MAE
of all algorithms drop as the sampling rate becomes higher.
Meanwhile, the proposed algorithm is always superior to the
others under sampling rate ranging from 0.1 to 0.5.

Sampling points
FPCA

16

22
20
18

Sampling points
Proposed algorithm

16
14

0

200

400

600

800

1000

1200

1400

1600

1800

2000

Time
Fig. 6. The reconstructed temperature of one sensor.

the sampled points, but fluctuates greatly at the unsampled
points. On the contrary, the recovery of FPCA presents less
fluctuation on the whole and large deviation with the sampled
points. Because it does not utilize the temporal correlation of
signal, the result of graph regularization is not smooth at all.
In contrast, the result of the proposed algorithm demonstrates
very good smoothness along time and coincides well with the
sampled points.

V. C ONCLUSION
In this article, we propose a novel method for the recovery
of time-varying spatial signal based on graph. A graph is
established according to the spatial position of the signal,
and the smoothness of the temporal differential signals on the
graph is used as the prior knowledge to help reconstruction.
Experiments demonstrate that the proposed algorithm achieves
less reconstruction error compared with other algorithms.
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